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�������� ���  � !"�#$� y1(x) = x % y2(x) = ln(x) &�'" ($�)% (&�*�� )���+,�� ��(+*��)-� ./��0' %)� �1��0"&� 2'3 x0 = e,
* ��� &� ./4�)"��5 6,'��#�+� �")'*5� 0&	

Wy1,y2(e) =

∣∣∣∣∣∣ x ln(x)

1 x−1

∣∣∣∣∣∣ (e) = 1− ln(x)
∣∣
x=e

= 0.

7 ./�3$8'(4 *�09 0�39 .)9���  � '2� !"�#$� ���'8'" 250 �% ��0�,*%)" R+ /����4�  +3�- )���+,�4 3�!�,��$�+)�4 ,'*��$�
3,"8-8' /+3" y′′(x) + p1(x)y

′(x) + p0(x)y(x) = 0.
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��3�'" ( ��&(+�%3��&�4$8 '0+(�# $�)- 0�',�� 3�!�,��$�+)�4$8 ,'*��$ &� '0+(#% �1��0��$� /����4 #% 3- )���+,�4 3�!�,��$�:
+)�4 ,'*��$� 0*%," L̂(y(x)) = 0.	 �,' ,'(/����4 0-0' '0+(#9 &� ;<�)�- ,�!',�")'*%0 ./4�)"��'" ;)'8" 3' 0*%," �'"�0%*9
3�!�,��$�+)�4$8 ,'*��$ .,*�48' /+3"	
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=%3" n 3�!�,��$�+)�4$8 ,'*��$ 0*%,"

y′1 = ℘11(x) y1 + ℘12(x) y2 + . . .+ ℘1n(x) yn

y′2 = ℘21(x) y1 + ℘22(x) y2 + . . .+ ℘2n(x) yn
			 >�	��?

y′n−1 = ℘(n−1),1(x) y1 + ℘(n−1),2(x) y2 + . . .+ ℘(n−1),n(x) yn.

y′n = ℘n1(x) y1 + ℘n2(x) y2 + . . .+ ℘nn(x) yn,

#3� ℘ij(x) &�'" �.'&�05�� !"�#$��� �% '0�*/��-� ��0�,*%)" I, �%(5*+�� ��������� n ��	
�
������� ����� ������� �����

@����4� �'"�0%*9 >�	��? ,'("�4�� n0�$� �.'&�0� 3�!�,��$'*%0�)�5$8 !"�#$4 y1(x), y2(x), . . . , yn(x) ∈ C1(I), #0�,- /��4
�'"�0%*" >�	��?	 �%"$89'*'" ;)'8'" .,' �'"�0%*" 3�!�,��$�+)�4$8 ,'*��$ .%# ,'("�4�� �'"�0%*" >�	��? (%3%�'" �.')�<��
� .'<+0�<�4�� .'3�4�#%��

yk(x0) = σk ∈ R, (k = 1, 2, . . . , n).

������ ����	
��

��&.,*� �� "*�3'����  � )���+,�4 3�!�,��$�+)�4 ,'*��$� L̂(y(x)) = 0 �.)9�� .' �"2�0�0"$�

y1(x) = y(x), y2(x) = y′(x), y3(x) = y′′(x), . . . , yn(x) = y(n−1)(x), y′n(x) = y(n)(x)

�� �'"�0%*'" >�	��?� .'#"3 ℘12(x) = ℘23(x) = ℘34(x) = . . . = ℘(n−1),n(x) = 1 % ℘ij(x) = 0 .,' i �= j − 1.

='"2� �� � 04� �� �%"$89'*9 .'3�4�#9 y(k)(x0) = dk ,'*��$� L̂(y(x)) = 0 0,%��!',�"&4 �% �%"$89'*9 .'3�4�#9
yk(x0) = σk = dk−1 �'"�0%*9 >�	��?	 �'0*,3�0 �1��0��$� /����4 ,'*��$� L̂(y(x)) = 0 0�39 3� !%$0' (�%���+ A%,%�0'*%0
/����4 #% 3- �'"�0%*9 0*%," >�	��?	 �% 0-0' ;*%(� &� 0%#- (%)' ��% (+#)%3�4 *�0% 0�',�� 3�!�,��$�+)�4$8 ,'*��$ �	�	B�	

������ ���� � ���������� 	
�� �� ������	� �������������� �	��� �� ����

��$8C .,' *��$8�9 ��3�19 i, j ∈ n̂ &�'" !"�#$� ℘ij(x) �.'&�05�� !"�#$��� �% '0�*/��-� ��0�,*%)" I. ��$8C x0 ∈ I %
�σ = (σ1, σ2, . . . , σn) ∈ Rn. �%# �'"�0%*% >�	��? �+ �% I /����4 �y(x) *98'*"&4$4 .'3�4�$� �y(x0) = �σ.
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• ;)'8% �%)-(0 /����4 �'"�0%*9 ,'*��$ >�	��? � .'<+0�<�4 .'3�4�#'" �y(x0) = �σ * �%"$89'*� 0*%," >*�( 3�D��$� �	�	E?
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�� ������������ � �� ! " ���#$� ���� % &"��'� �y(x) � (�)��*��+  , %�+ I ���- �,.

y1(x) =

∫ x

x0

⎛⎝ n∑
j=1

℘1j(t) yj(t)

⎞⎠ dt+ σ1

y2(x) =

∫ x

x0

⎛⎝ n∑
j=1

℘2j(t) yj(t)

⎞⎠ dt+ σ2

��� /���01

yn(x) =

∫ x

x0

⎛⎝ n∑
j=1

℘nj(t) yj(t)

⎞⎠ dt+ σn

• �"� �� !" 2�3�+� �$�� ������� ������	
�� �������� - ��� � ���%""��+� 4 �� "4� �� &"��'�

�y(�)(x) =
(
y
(�)
1 (x), y

(�)
2 (x), . . . , y(�)n (x)

)ᵀ
���- 5� �y(�)(x)

�→∞−→ �y(x), �(� �y(x) �� !��(��# 2�3��� � "����. /���01 �� I

• ��� � " 4 �� "4� �� (�)�"��+� %��"%����6 42�(4���+

�y(0)(x) = (σ1, σ2, . . . σn)
ᵀ, y

(�)
i (x) =

∫ x

x0

n∑
j=1

℘ij(t)y
(�−1)
j (t) dt+ σi /���71

• �.�� ( �85�+�- 5� �� ��5(#+ "$��2��#+ ����%���" J ⊂ I, 4% ���5 x0 ∈ J, � ���%9"�� 4 �� "4� ��
(
�y(�)(x)

)∞
�=0

����� +6%�6 � &"��'� �y(x), ���%8 �� !" /���01 2�3�

•  $��*+� (#��" ����%���" J �.+, ��+ L

•  $��*+� Y := max
{|σ1|, |σ2|, . . . , |σn|

}
• (8�� $� �4 ��� ��� &"��'� ℘ij(x) �� � +4�����+ ����%���" J ��+�- 5� �:���"�� K ∈ R ���- 5� 4% �3�'!�� i, j ∈ n̂ �
�3�'!�� x ∈ J 4���� ��% �� �� |℘ij(x)| � K

• $� �$��!" /���71 �.4�;�8- 5� 4% ��5(# i ∈ n̂ 4����<∣∣y(1)i (x) − y
(0)
i (x)

∣∣ = ∣∣y(1)i (x) − σi

∣∣ � nKY|x− x0|
• ���� 9�'�. 4% ��5(# i ∈ n̂ /��� �$� ( �8$�� +���+���'� " ��("�'�1 4����<∣∣y(�+1)

i (x) − y
(�)
i (x)

∣∣ � nY
n�
K
�+1|x− x0|�+1

(�+ 1)!
� Y

n�+1
K
�+1

L
�+1

(� + 1)!
/���=1

• 4% i ∈ n̂ �.��  $��*+�

yi(x) = lim
�→∞

y
(�)
i (x) = lim

�→∞

[
y
(0)
i (x) +

�−1∑
k=0

(
y
(k+1)
i (x) − y

(k)
i (x)

)]
= σi +

∞∑
k=0

(
y
(k+1)
i (x) − y

(k)
i (x)

)
• "��(��8 ��+��� ��"��*�6 �:���"��- ��, > 4���� �$��! /���=1- ���%; 9�%���"��- 5� � ���%9����� *�����8 2�(�

Y

∞∑
k=0

n�+1
K
�+1

L
�+1

(�+ 1)!
= Y

(
e
nKL − 1

)
�� +�� %����� 2�( " � 2�(6

∑∞
k=0

(
y
(k+1)
i (x)− y

(k)
i (x)

)
• 4 (�� ?���%��%��� �� �%��#��� @�@�A� ����' � ���%9"�� $� "+��8 2�(� �� J ����� +6%�6

• �"(�5 � 4%��8 ��%��� �� �$��!" /���71 � ���%9"��- � 4���� ��(. /4 $8+6�6 ��+��. � ����9%8�"11

yi(x) =

∫ x

x0

n∑
j=1

℘ij(t)yj(t) dt+ σi, (i ∈ n̂),

' 5 4% ��$"�� &���- 5� ���� $� ���%" ���; ���� % �y(x) 2�3� � "����" /���01 �� J

• 4% � 5� ��5(# x ∈ I ��5� � �6���%#+ "$��2��#+ ����%���" J ⊂ I, �� �y(x) 2�3���+ � "����. /���01 �� '��#+ I
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��������� � !�"! �� #��� $%#&'%! �'()% *�+�%)�+!��+� ,!�$-%).  ��/ !�,0.� �.*�0�+ .��+� 1 0,'+. 	 � �. �2 -,�.- �".�!���
�.+��0+( +�$�'.��& 1 3�4�+� �%+/ 0,'+. � % -,�.- 0�4�+� )� �%� 15,'% 6�,1% 70, 0,'+. . � +��,',� 70%',� �!0%+,�	

������ ��� � �������� 	
�� ����� ��������������� �	���

��-!,0,'& 70,�!,0 '4� 1 3�4�+� �.*�0�+ .��+� 0,'+. � L̂
(
y(x)

)
= 0 3��� n )� �.)�+$. n, !�	 dim(Ω0) = n.

������

• 7,��� �".�!�+8+� '(!5 �	�	99 �$� -� -%:�/ n!. . 7,�)�+�- yk(x0) = σk (k ∈ n̂) +%�/$! 3�4�+� �,��!%'5 ;�	��<

• !, !��5 $+%8�2 :� 7, 73�$+%8�+� ;'.$ 7,$+�)-% �	�	9=<

y1(x) = y(x), y2(x) = y′(x), y3(x) = y′′(x), . . . , yn(x) = y(n−1)(x), y′n(x) = y(n)(x),

�$� 3�4.! -%:�,� �%� 15,'� 6�,1� �	�	> � 7,�)�+-%). y(k)(x0) = dk 70, k = 0, 1, . . . , n− 1

• *,0)��+( +%'� ? σk = dk−1

• $',�)� +5+� n 3�4�+� �%� 15,'5 6�,15 �	�	> !%-,'& 12 :� 70'+� $ +. 1 )� '�-!,0 7,8�!�8+� 1 7,�)�+�- ;�!%+,'�+& 1
' #,�( x0 ∈ I< 0,'+& (1, 0, 0, . . . , 0), �0�1& 0,'+& (0, 1, 0, . . . , 0), !3�!� (0, 0, 1, 0, . . . , 0), %!�	

• ,$+%8)� !%!, 3�4�+� zm(x), m = 1, 2, . . . , n % �-%:)�2 :� ��,� �.+��0+( +�$�'.���

• 70,!,:� @0,+�-/1, ��!�0).+%+! !( 1!, *�+- � '58����+& ' #,�( x = x0 )� 1,�+,!� ���+% ;+�#,A @0,+�-/1,
)%!. � �� ���+,!-,',� )%!. �<2 ��,� 7,��� �B����-� �	�	=C *�+- � zm(x), -�� m = 1, . . . , n, �.+��0+( +�$�'.��/

• $#&'� �-�$%!2 :� 73.��)�D�. �, �.+��0+( +�$�'.��/1, �,�#,0� *�+- � z1(x), z2(x), . . . , zn(x) �%�4� *�+- . w(x), 70,
-!�0,� !%-/ 7�%!�2 :� L̂(w(x)) = 0, 7%- �� !%-!, '$+.-�& �,�#,0 �.+��0+( $�'.��&

• 70, *�+- . w(x) ,$+%8)� βi = w(i)(x0) % �-%:)�2 :� w(x) �$� +%-,)#.+,'%! $ *�+- � �,�#,0� z1(x), z2(x), . . . , zn(x)

• 1�����)� !��5 -,+�!%+!5 c1, c2, . . . , cn ∈ R !%-2 :�
∑n

m=1 cmzm(x) = w(x)

• 70,!,:� ,�!�� 7�5+�2 :� w(i)(x) =
∑n

m=1 cmz
(i)
m (x), �$�  ��/ 3�4�+� � '&1,�,� ;7, �,�%$�+� x = x0< 73�'/�! �,

!'%0� �,��!%'5⎛⎜⎜⎜⎜⎜⎝
z1(x0)

z′1(x0)
			

z
(n−1)
1 (x0)

z2(x0)

z′2(x0)
			

z
(n−1)
2 (x0)

. . .

. . .

	 	 	

. . .

zn−1(x0)

z′n−1(x0)
			

z
(n−1)
n−1 (x0)

zn(x0)

z′n(x0)
			

z
(n−1)
n (x0)

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
c1

c2
			

cn

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
β0

β1

			

βn−1

⎞⎟⎟⎟⎟⎟⎠
70, +�$+�)/ c1, c2, c3, . . . , cn

• ���� ��!�0).+%+! �� %�� !,!,:+& � E0,+�-.�+�) Wz1,z2,...,zn(x0), , +(): �.: '�)�2 :� +�+� +��,'&

• 70,!, )� �'���+� �,��!%'% 3�4�+�2 % w(x) �� !��5 �-�!�8+( �.+��0+� -,)#.+% � *�+- � z1(x), z2(x), . . . , zn(x)

• �$%'�0�)� 70,!,2 :� dim(Ω0) = n

������ �������

�%:�� )+,:.+% n �.+��0+( +�$�'.��& 1 3�4�+� {y1(x), y2(x), . . . , yn(x)} 0,'+. � L̂
(
y(x)

)
= 02 ��: 7,��� '(!5 �	�	9�

F�+�0��� #�$. '�-!,0,'/1, 70,�!,0� Ω0 '4� 1 3�4�+� 0,'+. � L̂
(
y(x)

)
= 02 �� +%$&'� ��	
���	��	�� ������� 3�4�+�

�.*�0�+ .��+� 0,'+. � L̂
(
y(x)

)
= 0, 0��7	 L̂

(
y(x)

)
= q(x).
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